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Let p be an odd prime and suppose that for some a. b, c E L\pE we have that 
aP + bP + cp = 0. In Part I a simple new expression and a simple proof of the 
congruences of Mirimanoff which appeared in his papers of 1910 and 1911 are 
given. As is known, these congruences have Wieferich and Mirimanoff criteria 
(2'-'- lmod p2 and 3 pm’ = 1 mod p2) as immediate consequences. Mirimanoffs - 
congruences are expressed in the form of polynomial congruences 
P,(-a/b) ~0 mod p, 1 (m < p - 1. and these polynomials P,(X) are charac- 
terized by means of simple relations. In Part II a complement to Kummer- 
Mirimanoff congruences is given under the hypothesis that p does not divide the 
second factor of the class number of the p-cyclotomic field. ‘e 1985 Academic Press, 
IllC. 
Let p be an odd prime, suppose that there exist relatively prime integers a, 
b, c such that p%abc and such that ap + bP + cp = 0. Let u = -u/b. Denote 
by B, the nth Bernoulli number defined by t/(e’ - 1) = CpzO (Bk/k!)tk. It is 
a major result in the study of the first case of Fermat’s last theorem that u 
must satisfy the Kummer-Mirimanoff congruences which we can write in the 
form 
p-l k 
B, 1 $=Omodp, for n = 0, l,..., p - 2. 
k=l 
These congruences follow from rather basic results of the theory of ideals in 
cyclotomic fields, no class field theory being used in the proof. 
This paper consists of two parts. In Part I we deduce from (l), in a simple 
way, a very convenient form of the congruences of Mirimanoff which 
appeared in his papers of 19 10 and 1911. Thus, on one hand we have an 
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easier proof of Wieferich and Mirimanoff criteria (2p-’ = 1 mod p* and 
3p- ’ E 1 mod p’) which are immediate consequences of Mirimanoff s 
congruences. On the other hand we are able to express Mirimanoffs 
congruences in the form P,(U) = 0 mod p, for m = l,..., p - 1, where the 
P,(X) are the unique (mod p) polynomials of degree Qm - 1, which are 
divisible by X and satisfy the relations 
(Xm- l)P,-,(X)+(XP-“‘- l)P,(X)= ‘f’$modp, l<m<p-1 
k=l 
(we are using the convention that the polynomial 0 has degree less than any 
integer). We show some consequences of this result. 
In Part II we assume that p does not divide the second factor h, of the 
class number of the p-cyclotomic field. With this hypothesis we prove that 
for all even n such that 2 < n < p - 3, ifp divides B,, then C$:: kn-‘uk s 0 
mod p. We had already proven this proposition in the case in which 2 is a 
primitive root mod p (Ref. [lo]). 
The result above gives, in a sense, a complement to Kummer-Mirimanoff 
congruences (1) when pkh,. Some consequences of this fact are shown at the 
end of the article. In another paper we will show how this generalizes for all 
prime exponents p. 
Perhaps it is worthwhile to let the reader know that the pretended proof 
(Vandiver 1934) of the first case of Fermat’s last theorem for prime 
exponents p such that pkh, seems to be wrong (see Ref. [3, p. 1881). In this 
light, our result is not without interest. 
PART I 
We begin by introducing some notation. Given x E Z we denote by (x] the 
integer O<jx\<p- 1 such that ]x]=x modp. Given mEZ, l<m< 
p - 1, we denote by rIi and A the integers 1 ,< 6r, fi < p - 1 such that 
Mm= 1 modp and rizm=-1 modp. For O<k&p- 1 let 
A,= 
(-1)k (“; ‘) - 1 
P * 
In this part we deduce from (1) that (Proposition 2) 
m-l 
c AlAkl 
uk=Omodp, for m = 2, 3 ,..., p - 1. (2) 
k=l 
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For m = 1, 2,..., p - 1 define 
m-l 
P,(X) = ti c A,&rk. 
k=l 
By (2) and by symmetry we conclude that P,(U) = 0 mod p for 
m = 1, 2 ,,..., p - 1 and for all 
b a cbc 
VE 
We prove (Proposition 3) that 
P,(l) E - 
*P-‘-l 
P 
mod p. 
This gives a simplified version of some of Mirimanoff’s results of 1910 
(see Refs. [5] and (61). F 11 o owing Mirimanoff we observe that if the first 
case of Fermat’s last theorem fails for the exponent p, then P,(X) SE 
P&Y) = 0 mod p (identically), because they have at least three non- 
congruent roots mod p (indeed: either 0, -a/b, -c/b, or 0, -1, 2) and degree 
<2. Hence (2p-1 - 1)/p 3 -P,(l) 3 0 mod p (Wieferich criterion) and 
(3”-r- 1)/p=-P3(1)=0 mod p (Mirimanoff criterion). 
We give the following characterization of the polynomials P,(X) (mod p) 
(Proposition 4 and Observation that follows it). The polynomials P,(X), 
P2(x),..., P,-,(X) are the unique (mod p) polynomials P,(X) of degree 
<<m - 1, divisible by X, such that 
p-l k 
(Xm- l)Pp-,(X)+(XP-m- l)P,(X)= x Gmodp. 
k=l 
Finally, we show some consequences of the congruences above. To start 
with the proofs observe that for 1 ,< k ,< p - 1, 
A,= 
(-1)k (“k l) - 1 
=$ [(A) k (P--I)@--).a. (p-k) _ 1 
P k! I 
=-(l+++ . .. + i mod p. 
Observe also that Applek=Ak and A,=A,-,=O. 
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PROPOSITION 1. 
P--l 
c AlriXd uk = 0 mod p, for m = 1, 2 ,.,., p - 1. 
k=l 
Proof, Let 1 <m<p- 1, we have by (1) that 
P--l 
E- 
.z uk& 
p-1 Ii%-1 
B, (~k(P-l-n=- 2 Uk x jP-2 
k=l k=l j=l 
LEMMA 1. Let X be an indeterminate, let m be an integer 1 Q m < p - 1 
and n=p-mm, then 
P-1 m-1 n-1 
c Al&kl Xk = 2 Alhk,Xk +X”’ 2 A,,-,,Xk. 
k=l k=l k=l 
Proof. 
P-1 m-1 P-l 
c A,hk, Xk = 2 +,k,Xk + x Alik,Xk, 
k=l k=l k=m+l 
but since Ifi(n-k)l=I-1 -n^k)=p- 1 -Ir’%l, we have that 
P-1 n-1 n-1 
CA ,riklXk = c ‘$iCp-k), 
Xp-k =X” )- A,Rk,Xn-k 
k=m+-l k=l k:l 
n-1 n-1 
=X”’ ksl A ,,t(n-kj,Xk =x” ksl A,ik,Xk. 
PROPOSITION 2. 
m-1 
c Alhkl uk=Omodp, for m = 2, 3 ,..., p - 1. 
k=l 
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prooj Let 1 ,< m < p - 1 and n = p - m, by Proposition 1 and Lemma 1 
we have that 
and also 
n-1 m-1 
o- 1 A,,-,, uk+u” x AIGk,ukmodp. 
k=l k=l 
Hence (up - 1) CjJ’:i A ,rirk, uk = 0 mod p, and from this the proposition 
follows because up - 1 = u - 1 & 0 mod p. 
PROPOSITION 3. 
m-1 
CA 
mP-m 
kzl 
lrirkl = mod P, for 
P 
m = 2, 3 ,..., p - 1. 
Proof. Since 
Iriikl-1 
A,riikl = A p-l-l&kl =A,,,,-, = - ,z, jpp2 
B~IM~JP-‘-~~ 71 (“y’) B,m’kP-‘-‘mod p, 
we have that 
m-1 
ZA 
k=l 
= z: (” y l ) Bimip~p~~’ (“J i) BjmPpiei 
= g: (“T ’ ) B,& [g: (“i i, Bjmpe’--Bp-imi] 
=,~~mp-jBj~~p~(pr’)(“Ji)Bi 
P-2 1 
- =v- P-l 
i=O P-i ( ) i 
B,B,-,m’ 
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P-2 
+ r 4 m”-‘Bj 
j=2 C) 
2 (“T’)“i 
+mB,-,p i ! 
0 1 i=O 1 
Bi - B,B,-,m 
-pBp-,mp+ ‘y2 7 mPPiBjBpPj + pB,-,m(B, +B,) 
j=2 (i I 
- B,B,-,m 
= -pB,p, 
mP-m mP-m 
P - P 
mod p. 
Now we are going to work with the polynomials P,(X) defined in (3). 
Observe that Proposition 3 implies that 
P,(l)- $I ,“pm c - 
mP-’ -1 
mod P, for m= 1,2 ,..., p- 1. 
P 
PROPOSITION 4. For m = 1, 2 ,..., p - 1, the following congruences of 
polynomials hold: 
That is, 
Pp&X)=~Pp-,(x1+ 
p-m - 1 
x _ 1 f’,(X) mod P. 
Proof. Let n = p - m, by Lemma 1 we have 
P-1 m-1 n-1 
c A,& 
k=l 
Xk = 1 A,+,xk +X” ks, A,i,,Xk, 
k=l 
and also 
P-l n-1 m-l 
x A,,-,,Xk = 1 A,,-,,Xk +x” c A,,,,Xk. 
k=l k=l k=l 
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Subtracting the second equality from the first we obtain 
P-1 n-i m-1 
lL hik, -A,&Xk = (X”‘- 1) y A,;,,Xk - (X” - 1) 2 Alritk,Xh. 
k=l 
But 
k=l k=l 
Therefore 
and this is the congruence we wanted to prove. 
Since PI(X) = 0, we have that 
p-1 k 
kz, $=(X- l)P,-,(X)modp 
and from this the second congruence of the proposition follows. 
Observation. Let 1 < m < p - 1 and R,(X) E Z[X] such that 
(i> x I %lm 
(ii) degree of R,(X) < m - 1, 
(iii) Ckp;: (Xk/k) = (X”’ - 1) S(X) + (XPem - 1) R,(X) mod p, for 
some S(X) E Z IX]. Then R,(X) = P,(X) mod p. 
In fact consider, with an abuse of notation, the polynomials involved as 
elements of (Z/pZ)[X]. By Proposition (4), and by (iii) and (i), we have that 
but clearly the polynomials X((Xm - 1)/(X - 1)) and (XPp”’ - 1)/(X - 1) 
are relatively prime, hence X((Xm - 1)/(X - 1)) ] Z?,,,(X) - P,(X), and by 
(ii), R,(X) 3 P,(X) mod p. 
COROLLARY 1. Consider the polynomials P,(X) (1 < m < p - 1) as 
elements of (h/pZ)[X], in this ring we have 
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(a) P,(X) = 0 mod p (identically) if and only if 
X”-1 pgq. 
k=l 
(b) Ifpe E 1 mod m, then 
XP’- 1 
xp- 1 p,-,(X)~P,(X)mod~~[Xl. 
Proof. (a) If Xm - 1 1 Ckp:: (Xk/k), we have, by the first formula of 
Proposition 4, that Xm - 1 1 (Xppm - 1) P,(X). But m and p-m are 
relatively prime, so gcd(X” - 1, Xp-” - 1) = X - 1, also X / P,(X). 
Therefore (X”’ - 1)/(X - 1) 1 P,(X)/X, and since P,(X)/X has degree 
Cm - 1, we must have P,(X) = 0 in (Z/pZ!)[X]. The reciprocal follows 
immediately from the same formula of Proposition 4. 
(b) From the second formula of Proposition 4 we have 
p- 1 
xp _ 1 P,-‘(X) = 
E P,(X) mod 
COROLLARY 2. Let 2 < m < p - 1, then 
Ifm is even, P,(-1) = (2”-’ - 1)/p mod p. 
If m is odd, P,(-l)=O. 
Proof. Suppose m even, then for the first formula of Proposition 4 we 
obtain 
-2P,(-l)- L k= m p-.’ (-Uk --2p (-1) * 
k=l 
Hence 
P,(-1) = P,(-1) = 
2P-’ - 1 
mod p p 
(note that P2(X) = P2( 1)X). 
The second affirmation is trivial because the coefficients of Xk and Xmmk 
in P,(X) are equal. 
Note that Lemma 1, Proposition 3, Proposition 4, and its corollaries do 
not depend on the assumption that the first case of Fermat’s last theorem 
fails for the exponent p. 
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PROPOSITION 5. For m = 2, 3 ,..., p - 1, we have 
(urn - 1) P;-,(U) + (tip-m - 1) P;(U) = 0 mod p. 
In particular, if urn = 1 mod p, then u is a double root of P,(X) mod p. 
Proof. Just take derivatives in the first formula of Proposition 4 and use 
Proposition 2. The second affirmation holds because u f 1 mod p. 
We end this part with some observations. Let 
It is known since Pollaczek (Ref. [8]) that either C = {- 1, 2, f } mod p, or 
the elements of C are pairwise non-congruent mod p. 
If C E { - 1,2,+} mod p, then by Proposition 2 
m-1 
Ix ZkA ,rirk, = 0 mod p, for m=2,3 ,..., p- 1. 
k=l 
If C f { - 1,2, f } mod p, then we must have that 
p-l k 
ksl + E (Xm - 1) P,-,(X) mod p, for m = 2, 3 ,..., 10. 
In fact, by Proposition 4, it is enough to show that P,(X) = 0 mod p for 
m = 2, 3,..., 10, but for those values of m, the polynomials P,(X) have degree 
<9 and at least ten roots mod p, indeed the six elements of C, 0, --I 
(Corollary 2 to Proposition 4), and 1, which is a double root mod p, as we 
show below. 
If R(X) = CFzO akXk E H[X], if 0 < m < p - 1, amek = ak, and R(1) E 0 
mod p, then R’(1) = 0 mod p. Now, since P,(l) = -(m”-’ - 1)/p mod p 
and since (mp-’ - 1)/p = 0 mod p for m = 2, 3 ,..., 31, if the first case of 
Fermat’s last theorem fails for the exponent p (Refs. [3, 7, 8]), we must have 
that (X- 1)’ 1 P,(X) (mod p) for m = 2, 3 ,..., 31. 
PART II 
Let p, a, 6, c, u be as above and let < be a primitive pth root of 1. Let 
h = h, h, be the class number of O(l), where h, is the class number of 
U4(< + r-l). In this part we assume that p$h,. With this hypothesis we prove 
that for all n even such that 2 < n < p - 3, 
P--l 
ifp(B,thenp r k”-‘Uk. 
k=1 
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The result above gives a complement to Kummer-Mirimanoff congruences 
when p%h,. Some consequences of this fact are shown at the end of this 
section. 
PROPOSITION 1. If p%h,, then for all r even, 2 < r < p - 3, there exist 
a E Z [C] and s E Z such that 
(3 (g)‘)’ jj (a + M.k)k’=ap~ 
Proof. Call v = (p - 1)/2. Let r(r) = (a + br)(a + II<-‘). We have that 
(a + b) z(l) z(<*) ... t(<“) = -c*, where a + b, t(r), z(C*),..., z(<‘) E 
Z [l t r-r] are pairwise relatively prime. Therefore t(r) is the pth power of 
an ideal of Z [< + <-‘I and since p%h,, there exist a unit s(r) and an element 
PIE~[~t~-ll such that s(r) r(c) = pf. 
Let n E Z be such that nh, = 1 mod p, then there exists /3* E Z[<] such 
that E({)“~~~(T) = p*(r)*. 
Let g be a primitive root mod p. Since s(T) is a unit of h[<], there exist 
k,, rl ,..., ru E Z such that 
(see, for example, Ref. [ 1 ] and Ref. [2, p. 2141). 
Let r even such that 2 < r < p - 3, from the equalities above we conclude 
(see Ref. [2, p. 2071) that 
k=O 
for some b3 E Q(r) and t, E Z ; hence 
()jl (1 - <gk)gkr) I2 E (a + bcgk)gk’ = /3:, 
k=O 
for some /I4 E Z [r] and t, E Z, and from this the proposition follows, 
because (l,g ,..,, g*-*)=(1,2,...,p-ljmodp, and l+g’t.e.+ 
g(p-‘)’ E 0 mod p. 
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PROPOSITION 2. Let r be an integer such that 1 < r < p - 3. Suppose 
that for some integers s and e we have 
then 
B 1 P-1 
S 
p-1-r _ \‘ jP-2-ruj mod pe 
ProoJ For all a E P [<I there exists e, E L such that ap = e, mod p, 
hence by adding a multiple of p if necessary we can suppose that s > 0. 
Let X be an indeterminate, we have that 
‘-“iskr 
I-X 
‘ff (a + bXk)k’ = e + pf(X) + &! g(X), 
k=l 
for some f(X), g(X) E Z]X]. We take logarithmic derivatives (see, for 
example, Ref. [2, p. 240]), substitute X by <, and use the facts that e & 0 
mod p and Ckp:i k’ = 0 mod p to obtain the congruence 
-s ~~1 ,y+l(k-l 
k=, l-tk 
+ “~1 bk’t Irk- 1 
k!?, a + brk 
=Omod&. 
We take complex conjugate of this congruence and multiply by (< - 1)/C to 
obtain 
P-1 
s x k’+’ 
k=l 
mod p. 
For 1 <k<p- 1, let k be the integer 1 <k<p- 1 such that 
kk = 1 mod p. Let A= < - 1. From the congruence above we conclude that 
P-1 E-1 
s -& k’+’ x <jk = 
j=O 
& 21 k’+‘(l - (k~)p-’ modp, 
that is. 
P-1 J-1 P--l P-1 
(1 - u)s c k’+’ c <jk s A x kril 1 uicik mod p. 
k=l j=O k=l j=O 
We substitute < by 1 + A in this last congruence and use the fact that Ap-’ 
is associate to p to obtain 
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P-1 P--l 
Enx k’” y 
k=l j=O 
Therefore, for i = 1, 2 ,..., p - 2 we have 
(1 -u)s 2’ k’+’ y c) E 1-f krfl ;; uj (ij”l) modp. 
k=l j=O 
Since (I)=0 for i > II, for i= 2,..., p- 2 we have 
Denote by X (i) the ith descendent factorial power of X: X”’ =X(X- 1) ... 
(X - i + 1) = Cf=o Si,,X’, where Si,l are the so-called Stirling numbers of 
the first kind. Recall that for i > 1, Si,o = 0, and for I > i, Si,[ = 0. 
Multiplying the congruence above by i!, we obtain 
P-l P-1 
(1 -u)s 2: k”’ t] (jk)“’ 
k=2 j= I 
P-1 P-1 
=j  r kr+l 
kel 
Jzj d(jk)“-*’ mod p, for i = 2 ,..., p - 2. (4) 
Now we work separately with the two sides of congruence (4). 
On the one hand we have 
P-1 K-l P-1 E-1 p-2 
2 k’+l zl (jk)“’ = kT2 krtl zl zl Si,jjlk’ 
k=2 
P-2 P-1 r-1 
= 2 S,,, x k’+‘+’ 1 j’ 
I= 1 k=2 j=l 
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mod p, because C:=O (‘:I )B, = 0 for 12 1. Now, since 1 < r < p - 3, for 
O<t<I<p-2 we have that 
Thus 
P--l 
)‘ krttr-1 modp, if 
kYl 
t=p-l-r, 
= Omod p, if t#p-l-r. 
(5) 
B 
=- p-1-r 
p- 1 -r ,=p?r-r ’ (p-:-r) 
S,.[ mod p, for i = p - 1 - I,..., P - 2. 
On the other hand, for i = 2,..., p - 2 we have 
P--l P-1 P--l P-1 
zl krfi j&‘, uj(jk)(i-l) = &?I k’+’ ,TL 24’ zy Si-l,/fk’ 
P-3 P-1 P--l 
P-1 
--Sipl,p--2-r 1 jP-2pruimodp. 
j= 1 
From (4), (5), and the congruence above, we conclude that 
I 
(1 -u)s Bp-l-r 7 
= i 
1 
p-l-r I=ppl-r p-2-r i Si.I 
P---l 
E iSi-l,p-2-r z, jp-* -‘uj mod p, for i=p- 1 -r,...,p-2. (6) 
For i = p - 1 - r this gives 
(1 -u)s BP-L--r = ‘2’ jP-2-‘Ujmodp. 
p-l-r j=l 
Unfortunately this is all the information we can obtain from (6), because 
1 I 
= ( 1 I=n+l n 
Si,[= iSi-l,n. 
Now use Propositions 1 and 2 (with r = p - 1 - n) and the fact that if 
a E Z [<I then ap G e mod p for some e E Z to prove the following result: 
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PROPOSITION 3. If p%h,, then for all even integers n such that 2 <n < 
p - 3, the following implication holds: If p 1 B, then 
P-l 
P kz, kn-lUk. 
To end this article we are going to show some consequences of 
Proposition 3. 
Let 
observe first that since the hypotheses on a, b, c are symmetric, Kummer- 
Mirimanoff congruences (1) together with Proposition 3 give us the following 
strong implications, if p%h, and n is an even integer, 2 < n < p - 3: 
If n is even and (p-1)/2<n<p-3, then p-2-n is odd and 
1 <p - 2 -n < (p - 3)/2. So from (7) we can conclude that for 1 <n < 
(P - 3)/2 
P-l P-l 
c knuk x kpP2-nuk -Ornod p 
k=l k=l 
and 
P-1 P-l 
kz, k”uk x kpm2-“(1 -u)” = 0 mod p 
k=L 
(note that -c/b = 1 + (a/b) mod p). These two systems of congruences were 
already obtained without the hypothesis that p%h,, the first one by 
Mirimanoff (Ref. [4]) and the second one by Vandiver (Ref. [9]). Along the 
same line we can obtain from implications (7) the following proposition: 
If p%h,, then for all n such that 1 < n < (p - 3)/2, we have that either 
xi!: k”vk = 0 mod p, for all u E C, or C[:l kp-*-“vk = 0 mod p, for all 
v E c. 
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